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The Fundamental Theorem of Algebra (FTA)

The following is the modern statement of the FTA:

Theorem (FTA)
Every polynomial p € C[z] of degree > 1 has a root zg € C.

A few centuries ago, mathematicians cared mostly about
polynomials with real coefficients. So the statements they worked
hard to prove are a bit different, but are equivalent to the FTA.

It is easy to see that the following are equivalent:
1. Every polynomial p € C[z] of degree > 1 has a root zy € C.

2. Every polynomial p € C|[z] of degree > 1 can be expressed as
a product of linear factors.

3. Every polynomial p € R[z] of degree > 1 can be expressed as
a product of real polynomials of degrees 1 and 2.

4. Every polynomial p € R[z] of degree > 1 has a root z € C.
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The discovery of complex numbers

For second degree equations, ax? + bx 4+ ¢ = 0, we have the usual
formula for to find the roots: x = _biv b2 dac

Similarly, in the 15t and 16" centurles formulas to find
solutions to any third and fourth degree polynomials in terms of
their coefficients were found by Tartaglia and Ferrari respectively.

These formulas only involve the coefficients of the polynomial,
sums, products and radical signs.

For example, given the cubic polynomial
p(x) = ax3 + bx? + cx + d = 0, here is a ‘formula’ for the roots of
the polynomial. It is known as Cardano's formula.
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When people used Cardano’s formula, they had to take square
roots of negative numbers. Usually, these square roots would be
ignored and regarded as non-sensical, but sometimes they led to
real solutions of the equation: for example, by applying the formula
to the cubic x3 = 15x + 4, one encounters the expression y/—121
but the computation leads to the real root x = 4.

So mathematicians started to accept that one could take square
roots of negative numbers, and square/cubic roots of these
numbers and so on. They coined the term ‘imaginary numbers’ for
these expressions which were not real numbers but which could be
used to compute anyways.
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The distinction: imaginary vs complex.

Nowadays, we associate these ‘imaginary’ numbers obtained from
expressions with radicals as complex numbers, that is, numbers of
the form a + bi, where % = 1.

However, that was not at all clear to mathematicians until the 18t
century; for example, in 1702 Leibniz claimed that x* + 1 could
not be written as the product of two real quadratic factors. But,

X +1= <x+1\;2i) <x+1\;2i> <x+_i;2ri> <x+_1f;i>
- <x2+\f2x+1) (xz—f2x+1).

It seems Leibniz' mistake was that when he tried to solve
x*+1 =0, he obtained x* = —1, so x2 = +/ so x = ++/+i,but he
didn’t notice that /=i could be written as a + b/, with a, b € R.



As late as 1742, Nicholas Bernoulli expressed to Euler his
conviction that the polynomial x* — 4x3 + 2x? + 4x + 4 could not
be factored as a product of two real quadratic factors.



As late as 1742, Nicholas Bernoulli expressed to Euler his
conviction that the polynomial x* — 4x3 + 2x? + 4x + 4 could not
be factored as a product of two real quadratic factors. Euler
answered with the two quadratic factors,

x? — <2i\/4+2\ﬁ>x+ (1+\/4+2\ﬁ+ﬁ>.



As late as 1742, Nicholas Bernoulli expressed to Euler his
conviction that the polynomial x* — 4x3 + 2x? + 4x + 4 could not
be factored as a product of two real quadratic factors. Euler
answered with the two quadratic factors,

x? — <2i\/4+2\ﬁ>x+ (1+\/4+2\ﬁ+ﬁ>.

In fact, by 1742, Euler claimed that he could prove that any real
polynomial of degree n < 6 has a complex root.



As late as 1742, Nicholas Bernoulli expressed to Euler his
conviction that the polynomial x* — 4x3 + 2x? + 4x + 4 could not
be factored as a product of two real quadratic factors. Euler
answered with the two quadratic factors,

x? — <2i\/4+2\ﬁ>x+ (1+\/4+2\ﬁ+ﬁ>.

In fact, by 1742, Euler claimed that he could prove that any real
polynomial of degree n < 6 has a complex root.

It was also Euler who first gave a clear statement of the FTA, in a
letter to Johann Bernoulli in 1739.



As late as 1742, Nicholas Bernoulli expressed to Euler his
conviction that the polynomial x* — 4x3 + 2x? + 4x + 4 could not
be factored as a product of two real quadratic factors. Euler
answered with the two quadratic factors,

x? — <2i\/4+2\ﬁ>x+ (1+\/4+2\ﬁ+ﬁ>.

In fact, by 1742, Euler claimed that he could prove that any real
polynomial of degree n < 6 has a complex root.

It was also Euler who first gave a clear statement of the FTA, in a
letter to Johann Bernoulli in 1739. In 1742, Euler wrote to
Clairaut that the FTA is “indubitable, quoique je ne le puisse
démontrer parfaitement” (undoubtable, even though | cannot
prove it perfectly).



Why were mathematicians interested in the FTA?

In the beginning of the 18" century, mathematicians were trying
to figure out how to integrate rational functions.



Why were mathematicians interested in the FTA?

In the beginning of the 18" century, mathematicians were trying
to figure out how to integrate rational functions.

It was clear that if you can factor polynomials as products of
factors of degree < 2, then you can use partial fraction
decomposition to integrate them.



Why were mathematicians interested in the FTA?

In the beginning of the 18" century, mathematicians were trying
to figure out how to integrate rational functions.

It was clear that if you can factor polynomials as products of
factors of degree < 2, then you can use partial fraction
decomposition to integrate them.

This was the main motivation which led Euler and D’Alembert to
tackle the FTA.
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D’Alembert, 1746.

Euler, 1749.

Foncenex, 1759.

Lagrange, 1772.

Laplace, 1795.

Wood, 1798.

Gauss, 1799 (he would try again in 1816, 1816 and 1849).
Argand, 1806.
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D’Alembert, 1746.

Euler, 1749.

Foncenex, 1759.

Lagrange, 1772.

Laplace, 1795.

Wood, 1798.

Gauss, 1799 (he would try again in 1816, 1816 and 1849).
Argand, 1806.

All these proofs are incomplete by modern standards, although
some are easier to ‘fix’ than others.

Gauss' 1799 proof is sometimes said to be the first correct proof of
the FTA, but some would argue that its gaps are more serious than
the gaps in some previous proofs.
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D'Alembert’s proof attempt

There is no broadly accepted understanding of D'Alembert’s proof
(there are several very different descriptions of it).
Basic idea: to prove that every real polynomial
p(x) = apx" 4+ -+ + a1x + ag
has complex roots, he considers for each r € R the polynomial
pr(x) =anx"+ - +aix+r.
For r = 0, we clearly have a root x(0) = 0.

D’Alembert argues that this root can be extended continuously to
a complex root x(r) for the polynomial p,, thus proving that
P = pa, has a complex root.
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Euler's proof attempts

Euler's proof attempt of the FTA was published in his article
‘Recherches sur les racines imaginaires des équations’, in 1749, but
he had read the proof to the Berlin Academy of sciences in
November 1746 (a month before D'Alembert’s proof was sent to
the Berlin Academy to be published).

In the article, Euler tries to give several proofs of the FTA. The
most well-known attempt is in pages 222-256 of the article.

In pages 257-262, he tries an interesting approach. Firstly, he
proves a few properties of complex numbers: the sum, difference,
product, quotient and nt" roots of complex numbers are complex
numbers. Then he argues as follows:
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& 2063 P
Theoreme, XIV.

§. 76, De quelque degré que foir une éyuarion algebrique, rou-
ser les racines imaginaives gu'elle peut avojr, fons toujours comprifes
dans cette forme génévale M4-NV —1 5 de finte gue M € N font des

gquantités réeclles.
DEMONSTRATION.
Soit en general I'équation propofée:
AT BT Co” 3D & —o.

& quoique nous nc foyons pas en éat d'afligner la formule générale,
qui en contient les racines, commenousle fommes pourles équations
du fecond, troifiéme & quatriéme degré, il eft pourtant certain, que *
cette formule fera compofée de plufieurs fignes radicaux, dont les
quantités connués A, B, C, D, E, &c. fero compliquées. On peut

Let in general be the proposed equation:

X+AX"T 4+ Bx" 2+ Cx" 34 Dx"4 4. =0,

and although we are not in a position to assign the general formula which
contains the roots, as we are for the equations of the second, third and
fourth degree, it is nevertheless certain that this formula will be composed
of several radical signs, including the known quantities A, B, C, D.E,. ..



Euler's proof attempts

Euler admits in the next page that formulas for the roots of
polynomials of degree > 4 in terms of radicals were not known;



Euler's proof attempts

Euler admits in the next page that formulas for the roots of
polynomials of degree > 4 in terms of radicals were not known;

Now this objection will have no force, provided that it is agreed
that the expressions for the roots do not contain any operations
other than the extraction of the roots, besides the four vulgar
operations: and it cannot be maintained that transcendent
operations are involved.



Euler's proof attempts

Euler admits in the next page that formulas for the roots of
polynomials of degree > 4 in terms of radicals were not known;

Now this objection will have no force, provided that it is agreed
that the expressions for the roots do not contain any operations
other than the extraction of the roots, besides the four vulgar
operations: and it cannot be maintained that transcendent
operations are involved.

The more well known proof attempt of Euler consists in proving by
induction on n > 1 that any real polynomial of degree 2"! can be
expressed as a product of two real polynomials of degree 2.



Euler's proof attempts

Euler admits in the next page that formulas for the roots of
polynomials of degree > 4 in terms of radicals were not known;

Now this objection will have no force, provided that it is agreed
that the expressions for the roots do not contain any operations
other than the extraction of the roots, besides the four vulgar
operations: and it cannot be maintained that transcendent
operations are involved.

The more well known proof attempt of Euler consists in proving by
induction on n > 1 that any real polynomial of degree 2"! can be
expressed as a product of two real polynomials of degree 2.

This would prove the FTA for all polynomials of degree 2", and
thus for all polynomials.
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A problem most early proofs

Foncenex and Lagrange noted several problems with Euler’s proof.
In his 1772 proof, Lagrange filled most gaps in Euler's proof. But a
problem remained: he was assuming that every polynomial

p(z) = 2"+ a,_12""1 4+ --- + ag could be expressed as a product

p(z) = (z=2z1)--(z = zn)-

Then, he performed computations with the ‘imaginary roots’
zi,...,2, (e.g. he uses that 3.7 ; zi = —a,_1) to eventually
deduce the FTA.

From the modern viewpoint, it is very easy to fix this problem: we
can always assume that a polynomial has n roots and perform
computations with them thanks to the existence of splitting fields.

It seems the only problem with Laplace’s proof is also that he
assumes the existence of ‘imaginary’ roots.



Gauss' 1799 proof attempt

In his PhD thesis in 1799, Gauss first pointed out some of the
problems he found in the proofs of D'Alembert, Euler, Foncenex
and Laplace. Then he proceeded to give his own proof.
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In order to prove the FTA, Gauss considered a polynomial with real
coefficients: p(z) = z™ + am_12™ 1 + -+ + ao.

His strategy was proving that the algebraic curves in C given by
Re(p(z)) = 0 and Im(p(z)) = O intersect.

Gauss first proved that for large enough r > 0, both curves
intersect the circumference C, = {z € C;|z| = r} at 2m points,
and the intersections are interleaved. Note that this is clearly true
for the polynomial z:
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Gauss' 1799 proof attempt

He then claimed that if an algebraic curve enters C, at some point,
then it must leave it again. Here he leaves an enormous footnote
which begins as follows:

It seems to be well demonstrated that an algebraic curve neither
ends abruptly (as it happens in the transcendental curve y =
1/logx), nor lose itself after an infinite number of windings in a
point (like a logarithmic spiral). As far as | know nobody has ever
doubted this, but if anybody requires it, | take it on me to present,
on another occasion, an indubitable proof . ..

This is not obvious, although it was justified by Ostrowski in 1920.

Using this and the way the intersections of the curves with C, are
interleaved, he completed the argument (he seems to use some
version of the Jordan curve theorem?).
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In 1806, in his article Essai sur une maniere de représenter les
quantités imaginaires dans les constructions géométriques, Argand
introduces the ‘Argand diagram’, which is the standard way in
which we represent complex numbers, using real numbers as the
x-axis and imaginary numbers as the y-axis.

This diagram was already known by Caspar Wessel at least in
1799, but his work went unnoticed until 1895, when Christian Juel
drew attention to it and Sophus Lie republished Wessel's article on
the topic.

Argand states the FTA in its modern form: every complex
polynomial can be expressed as a product of linear factors. To
prove the FTA, Argand argued as follows.
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Suppose that p(z) = z" + a,_1z2" 1 +--- +ap (n > 1) is the
polynomial for which we want to find a root.

Firstly, Argand claims that there is some value zy € C such that
|p(20)| is minimal. This is the only part of the proof which he does
not justify, although nowadays it is an easy exercise to fill the gap
with a compactness argument.

If p(z0) = 0, then we are done; zy is a root of p.

If p(z0) # 0,then Argand claims that we can some small complex
number h such that |p(zo + h)| < |p(z0)|, leading to a
contradiction which completes the proof.

So we just need to prove that if p(zy) # 0, then there is some
complex number h such that |p(zy + h)| < |p(z0)|.
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So we just need to prove
that if p(zp) # 0, then there is some complex
number h such that |p(zo + h)| < |p(20)]-

p(zq)

Computing p(zg + h), we obtain

p(zo + h) = an(zo0 + h)" + an—1(20 + h)nfl bt oz B) + 2
= p(z0) + Arth+ A2h2 4. _i_An_lhnfl T hn

for some constants A1, Az, ..., Ap_1.

Note that when h is very small, the terms Ayh? + --- + h" are very
small compared to Ajh (unless A; = 0, but that case can be done
similarly).

More specifically, |A1h| > |Azh? + -+ + h"| for any h € C close
enough to 0.
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Now the strategy is simple: choose h to be a small complex
number such that A;h has direction opposite to 0p(zp).

bz +h) p(zg)

p(zp)+A;

|

This forces |p(zo + h)| to be smaller than |p(z)|, as we wanted.
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